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Classification of Poisson processes

standard fractional
homogeneous (i) (N2(2)) | (i) (NAF(2))
inhomogeneous | (ii) (N(t)) (iv) (Nu(t))

A New Fractional Process: A Fractional Non-homogeneous Poisson Process Enrico Scalas



The standard (non-fractional) case

(i) The homogeneous Poisson process (HPP) (Nf(t)) with
intensity parameter A > 0:
(At)

pA(E) = PN (1) = x) = e 2

. x=0,1,2,...

(i) The inhomogeneous Poisson process (NHPP) (N(t)) with
intensity A(t) : [0,00) — [0, 00) and rate function

A(s, t) = / " Mu)du.

For x =0,1,2,..., the distribution of the increment is

e MV (A(v, t + v))X
x| '

px(t,v) =P{N(t+v) — N(v) = x} =

_ ph
Note that N(t) = Ny (A(t)).



The (inverse) a-stable subordinator

Let Ly = {La(t),t > 0}, be an a-stable subordinator with
Laplace transform

E [exp(—sLq(t))] = exp(—ts?), 0<a<1l,s>0
and Y, = {Y,(t),t > 0}, be an inverse a-stable subordinator
defined by

Yo(t) =inf{u>0:L,(u) > t}.

Let h,(t,-) denote the density of the distribution of Y,(t).

Its Laplace transform can be expressed via the three-parameter
Mittag-Leffler function (a.k.a Prabhakar function).

E [exp(—sYa(t))] = Ealvl(—sta), where
¢ = T YRS th
aJJ(Z) JZOJ'r(aJ + b) wi

d=clc+1)(c+2)...(c+j—1),a>0,b>0,c >0,z C.
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Figure: Plots of the probability densities x — h,(t, x) of the distribution
of the inverse a-stable subordinator Y, (t) for different parameter
a =0.1,0.6,0.9 and as a function of time: the plot on the left is

generated for t = 1, the plot in the middle for t = 10 and the plot on the
right for t = 40. The x scale is not kept constant.
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The fractional case

(iii) The fractional homogeneous Poisson process (FHPP)
(N (t)) is defined as NJF(t) :== NI(Y,(t)) for
t > 0,0 < a < 1. Its marginal distribution is given by

() = P (Ya(0) = x} = [~ e Ct)

= (MOPEXTL (=AY, x=0,1,2,...

a,ax+1

ho(t, u)du

(iv) The fractional non-homogenous Poisson process (FNPP)
could be defined in the following way:
Recall that the NPP can be expressed via the HPP:

N(t) = N{(A(1)).
Analogously define N, (t) == N(Y.(t)) = NI(A(Ya(t)))
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Definitions Limit theorems Application to the CTRW Summary and Outlook

The governing equation for the FNPP

We can define the marginals
FO(t, v) = P{NP(A(Ya(t) + v)) = NI(A(V)) = x}, x=0,1,2,...
—/0 px(u, v)ho(t, u)du

Let I,(t,v) = NP(A(Ya(t) + v)) — NI(A(v)) be the fractional
increment process. Then, its marginal distribution satisfies the
following fractional differential-integral equations (x = 0,1,...)

DYf(t,v) = /Ooo AMu + v)[—px(u, v) + px—1(u, v)]ha(t, u)du

with initial condition £*(0, v) = do(x) and £%(0, v) = 0.



Limit theorems

Overview
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Limit theorems

Limit theorems for the Poisson process

Watanabe (1964): The compensator of N{(t) is At, i.e.
N{(t) — At is a martingale. (Watanabe characterisation)

One-dimensional central limit theorem
Ni(t) — At 4
A /)\t t—o0

Functional central limit theorem: convergence in D([0, c0))
w.r.t. Ji-topology to a standard Brownian motion (B(t))¢>0.

\/X £>0 A—00

Functional scaling limit:

(Nf\’(ct)> I (A)eso
>0

N(0,1)

C CcC—00
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Limit theorems

Limit theorems for the Poisson process

Functional central limit theorem: convergence in D([0, c0))
w.r.t. Ji-topology to a standard Brownian motion (B(t))¢>o0.

<N§(t)—)\t> A p
\A >0 A—00
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Limit theorems

Random time change and continuous mapping theorem

We have convergence in D([0, 00)) w.r.t. Ji-topology to a
standard Brownian motion (B(t)):>0.

<N§(t)—>\t> A g
\F)\ £>0 A—00

As B has continuous paths and Y, has non-decreasing paths, it
follows that

MY < AYalD))
G I = CAC)

(Thm. 13.2.2 in Whitt (2002))
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Limit theorems

Limit theorems for the Poisson process

Watanabe (1964): The compensator of N{(t) is At, i.e.
N{(t) — At is a martingale. (Watanabe characterisation)

One-dimensional central limit theorem

NO(t) — At 4
0,1
\/ﬂ t—o0 N( ’ )
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Application to the CTRW Summary and Outlook

Definitions Limit theorems

Cox processes: definition

Idea: Poisson process with stochastic intensity. (Cox (1955))

— actuarial risk models (e.g. Grandell (1991))
— credit risk models (e.g. Bielecki and Rutkowski (2002))

— filtering theory (e.g. Brémaud (1981))

Let (2, F,P) be a probability space and (N(t))¢>0 be a point
process adapted to (F¥)i>0. (N(t))s>0 is a Cox process if there
exist a right-continuous, increasing process (A(t))¢>0 such that,

conditional on the filtration (F;)¢>0, where
Fi=FoVFN, Fo=0a(At),t>0),

(N(t))e>0 is a Poisson process with intensity dA(t).
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Limit theorems

Cox processes and the FNPP

Is the FNPP a Cox process?

The FHPP is also a renewal process: handy criteria in Yannaros
(1994), Grandell (1976), Kingman (1964).

Construction of a suitable filtration: N (t) = NP (A(Ya(t))).

Fle .= 5({N,(s),s < t})
Fo :=0o(Ya(t),t >0)
Fei=FoVFpe
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Definitions Limit theorems Application to the CTRW Summary and Outlook

A central limit theorem

Fil* = o({Na(s),s < t})
Fo :=o(Ya(t),t >0)
Fei=FoV F

Let (N(Ya(t)))t>0 be the FNPP adapted to the filtration (F¢)e>0
as defined in previous slide. Then,

N(Yo(T)) = MYa(T)) d » N(0,1) (1)
AYo(T)) T

Proof: apply Thm. 14.5.1. in Daley and Vere-Jones (2008).



Limit theorems
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Figure: The red line shows the probability density function of the
standard normal distribution, the limit distribution according previous
proposition. The blue histograms depict samples of size 10* of the right
hand side of (1) for different times t = 10,10°, 10 for o = 0.1 to
illustrate convergence to the standard normal distribution.
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Limit theorems
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Figure: The red line shows the probability density function of the
standard normal distribution, the limit distribution according to previous
theorem. The blue histograms depict samples of size 10* of the right
hand side of (1) for different times ¢t = 1,10, 20 for o = 0.9 to illustrate
convergence to the standard normal distribution.
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Limtaoa—1

Proposition
Let (Nu(t))e>0 be the FNPP. Then, we have the limit
Ny 25 N in D([0,0)).

a—1

Idea of the proof: According to Theorem VII1.3.36 on p. 479 in
Jacod and Shiryaev (2003) it suffices to show

AYa(t)) = A(t), teRy

By the continuous mapping theorem we need to show

Ya(t) SN vVt e Ry.

a—1

This can be proven by convergence of the respective Laplace
transforms:

Lol y)}(s,y) = Eal=ys®) =5 €7 = L{do(- = y)}(s, ).



Limit theorems

Limit theorems for the Poisson process

Functional scaling limit:

('\W> s (A)eso
t>0

C c—00
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Definitions Limit theorems Application to the CTRW

Summary and Outlook

A scaling limit (one-dimensional limit)

Assume Fo = {0,Q}.

Let (N, (t))e>0 be the FNPP. Suppose the function t — N(t) is
regularly varying with index 3 > 0, i.e. for x € [0, c0)

N(xt)

s P
A(t) oo

Then the following limit holds for the FNPP:

o) T (Ya(1)P
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Definitions Limit theorems Application to the CTRW

Summary and Outlook

A functional scaling limit

Assume Fo = {0,Q}.

Let (No(t))e>0 be the FNPP. Suppose the function t — A(t) is
regularly varying with index 3 > 0, i.e. for x € [0, 00)

A(xt)

s P
A(t) too0

Then the following limit holds for the FNPP:

(e ) 2 () @
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Limit theorems

Proof

Using Thm. 2 on p. 81 in Grandell (1976), it suffices to show that
ANYo(tT J
( (a )) 1 (Ya(T)ﬁ>
AN(t®) ) so t° >0

@ Convergence of finite-dimensional distributions: By
self-similarity of Y, and Lévy's continuity theorem. (Details in
the next slides)

@ Tightness: As 7 — A(Y,(t7)) and 7 — Y, (7) are
continuous and increasing. Thm VI1.3.37(a) in Jacod and
Shiryaev (2003) ensures tightness.
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Limit theorems

Proof (I1)

Let t > 0 be fixed at first, 7 = (71, 72,...,7,) € R]. and (:,-) denote the
scalar product in R". Then,

AEYa(r) (A Ya(m)) MEYa(m)) A Ya(m))) o
At ‘( Aew) T Ae) T AGe) )€R+

Its characteristic function is given by
o =[S oo (M)
_ /R oo (a <u, A/\((t:j)) >) o (7. x)dx

n A o
:/ Hexp iUk (%) ho (71 ooy Thi Xty ooy Xn)dX1 - .. dXg
i et A(t%)

RY
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Limit theorems

Proof (II1)

We may estimate

exp <i <u, ’)f(t:ax)) >> heu(7 )

By dominated convergence

lim (1) = I|m exp< < ,’\(tax >> (7 X)dx

< ho (T, x).

t—oo t—oo ta)

[ el o

_ / “exp (i (u,x7) ) ha(r, x)dx = Elexp(i{u, (Ya(r))*))
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Limit theorems
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Figure: Red line: probability density function ¢ of the distribution of the
random variable (Yp.9(1))%7, the limit distribution according to previous
Theorem. The blue histogram is based on 10* samples of the random
variables on the right hand side of (2) for time points t = 10,100, 10° to
illustrate the convergence result.
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Proposition (The fractional compound Poisson process)

Let (Nu(t))e>0 be the FNPP and suppose the function t — A(t) is
regularly varying with index 3 € R. Moreover let X1, Xo, ... be
i.i.d. random variables independent of N,,. Assume that the law of
X1 is in the domain of attraction of a stable law, i.e. there
exist sequences (an)nen and (bn)nen and a stable Lévy process
(5(t))¢>0 such that for

Lnt ]
t):=an Y Xi—b, it holds that S, ——S.

n—)oo

Then the fractional compound Poisson process
Z(t) == Sny(r) = Zki(lt) Xk has the following limit:

(eaZ(nt))ez0 —2 (S (IYalt))?))

>0’

where Ch = aL/\(,,)J.



Application to the CTRW

One-dimensional limit

The previous proposition implies for fixed t > 0

N (nt)

o D X SO0

In the one-dimensional case we can do better:

@ We do not need independence between N(t) and Xi, Xz, ...
(Anscombe (1952))

e Additionally, X7, X, ... can be mixing (Mogyorédi (1967),
Csorgd and Fischler (1973))

A New Fractional Process: A Fractional Non-homogeneous Poisson Process Enrico Scalas



Summary and Outlook
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Summary and Outlook

Summary and Outlook

@ We gave a reasonable definition of a fractional
non-homogeneous Poisson process that fits into pre-existing
theory and results. = Other possible definitions of FNPP:

N1(Ya(A(t)))
@ We derived limit theorems for the FNPP = Parameter
estimation

@ Other related stochastic processes: Skellam processes,
integrated processes

A New Fractional Process: A Fractional Non-homogeneous Poisson Process Enrico Scalas



Summary and Outlook

Thank you for your attention!
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